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^Nl ' Abstract. For a domain D (Z C the Kobayashi-Royden x and Hahn h pseudo- 

I > , metrics are equal iff D is simply connected. Over holt showed that for D C C", 

O i ^ > 3, we have hp = >co. Let Di, D2 C C The aim of this paper is to show that 

f J ' h]j-^ X-D2 — '^Di y.D2 iff s-t least one of Di, D2 is simply connected or biholomorphic 

to C \ {0}. In particular, there are domains D C C^ for which h^t ^ >C£). 

■^ ! 
(N. 

^" I 1. Introduction. 

r) ■ For a domain Z? C C", the Kobayashi-Royden pseudometric >!:d and the Hahn 

_^ ' pseudometric hi) are defined by the formulas: 

g; ^z5(z;X):=inf{|a|:3/eO(B,D)/(0) = z, a/'(0) = X}, 

L^; hD{z;X) := inf{la|: 3/go(B,D) /(O) = 2;, a/'(0) = X, /is injective}, 

>: 

\f^ , where i? denotes the unit disc (cf. [Roy], [Hah], [Jar-Pfl]). Obviously ^cd < ho- 

^~^ • It is known that both pseudometrics are invariant under biholomorphic mappings, 

^T^ , i.e., ii f: D — > D is biholomorphic, then 

O^ hD{z;X) = h^U{zy,f'{z){X)), >CD{z;X)^>c^{f{zyj'{z){X)), 

O; zeD,xeC'\ 

j^ , It is also known that for a domain _D C C we have: hjj = xjj iff D is simply 

Cj ' connected. In particular ho ^ xd for Z? = C* := C \ {0}. It has turned out 

• • , that ho = >CD for any domain D C C", n > 3 ([Ove]). The case n = 2 was 

. ^ ' investigated for instance in [Hah] , [Ves] , [Vig] , [Cho] , but neither a proof nor a 

K^ , counterexample for the equality was found (existing 'counterexamples' were based 

^ ' on incorrect product properties of the Hahn pseudometric) . 

c^ ! 

2. The main result. 

Theorem 1. Let Z?i,Z?2 C C &e domains. Then: 

1. If at least one of Di, D2 is simply connected, then hjj-^yD.-^ = xdixD2- 

2. If at least one of Di, D2 is biholomorphic to C*, then hoixDi = xDixD2- 
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3. Otherwise ho^xDi ^ >iDixD2- 

Let pj : D* — > Dj be a holomorphic universal covering of Dj [D* G {C, £"}), 
j — 1,2. Recall that if Dj is simply connected, then hjj. = xjj.. If Dj is not 
simply connected and Dj is not biholomorphic to C* , then, by the uniformization 
theorem, D* = E and pj is not injective. 

Hence, Theorem 1 is an immediate consequence of the following three proposi- 
tions (we keep the above notation). 

Proposition 2. If ho^ = >fDi; then /idjxDs — ^DixD2 for any domain D2 C C. 

Proposition 3. If Di is biholomorphic to C,, then /idix_D2 = ^DixD2 for any 
domain D2 C C. 

Proposition 4. If D* = E and pj is not injective, j = 1,2, then hDixD2 ^ 

>CDixD2- 

Observe the following property that will be helpful in proving the propositions. 

Remark 5. For any domain D C C" we have ho = xjj iff for any f G 0{E, D), 
•d G (0,1) with /'(O) ^ 0, there exists an injective g G 0{E,D) such that g{0) = 
/(O) andg'{0)^^f'{0). 

Proof of Proposition 2. Let / = (/i, /2) G 0{E, D^ x D2) and let d G (0, 1). 

First, consider the case where /{(O) 7^ 0. 

By Remark 5, there exists an injective function gi G 0{E^ Di) such that 51 (0) — 
/i(0) and g[{Q) = i?/{(0). Put g{z) :- (,gi(z), ^(^z)). 

Obviously g G 0{E, Di x D2) and 5 is injective. Moreover, g{0) ~ f (0) and 
g'iO) = ig[{0)jm^) = (^.f{(0),z?/^(0)) =^/'(0). 

Suppose now that /{(O) = 0. Take < d < dist(/i(0),aDi) and put 
hiz):^MM_IM^ M:^m^x{\h{z)\:zeE}, 
g,{z) := /i(0) + J^{K^) - ^^), 9{-A ■= (.9i(^), f2{^z)). z G E. 

Obviously .9 G 0(S,CxL>2). Since |.gi(z)-/i(0)| < d, we get 51 (z) G B(/i(0),rf) C 
-Di, z e E. Hence g G 0{E,Di x D2). Take zi,Z2 G ii^ such that 5(2:1) — .9(22)- 
Then h{zi) = h{z2), and consequently zi = Z2- 

Finally .9(0) - (51(0), ^(0)) = (/i(0) + ^;i(0), ^(0)) = /(O) and g'(0) - 
K(0),^/^(0)) == (i4:T(/i'(0) - i)).'dfl2m = ^/'(O). D 

Proof of Proposition 3. We may assume that Di = C* and D2 7^ C Using Remark 
5, let / = (/i, 72) G C'(i?,C* X D2) and let ^ G (0, 1). Applying an appropriate 
automorphism of C*, we may assume that /i(0) — 1. 

For the case where /2(0) = 0, we apply the above construction to the domains 
5i = /2(0) + dist(/2(0), dD2)E, D2 = C» and mappings /i = ^(0), h = /i. 
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Now, consider the case where /2(0) 7^ and ^/{(O) = 1. We put 

gi{z):^l + z, g{z):^{gi{z),f2{^z)), z e E. 

Obviously, g G 0{E, C, x D2) and g is injective. We have 5(0) = (1, /2(0)) = /(O) 
and g'(0) = (1,^/^(0)) = I?/' (0). 

In all other cases, let M := max{|/2(z)| : \z\ < 1)}. Take a A: G N such that 
|cfe| > M, where 



Ck:=f2{0)-k 



Put 



h{z) := 



^/{(o)-i' 



/2(0)-Cfc ' 

gi{z):={l + z)h''{z), g2{z) -.^ f2{'dz), 5(2) := (51(2), 52(2;)), z (^ E. 

Obviously, g G 0{E, C x Z?2). Since /i(2:) 7^ 0, we have 31(2) ^Q, z € E. Hence 
g G ©(i?, C* X 02). Take zi, Z2 £ E such that (/(zi) = 3(22)- Then h{zi) = h{z2), 
and consequently zi = 22- 

Finally .g(0) = {h''{0), ^(O)) = /(O) and 



V^ • -^fl^. ,^/^(0) =(l+^/{(0)-l,z?/^(0)) = z?/'(0). 

^ /2(0)-Cfe / 

D 

Proof of Proposition 4- It suffices to show that there exist ipi,(p2 G Aut(i?) and a 
point q = (gi,g2) e -B^, q^ ^ q2, such that pj(Lpj(qi)) = Pj{(fj{q2)), j = 1,2, and 
det[(pj o (pjy{qk)]j,k=i,2 7^ 0. 

Indeed, put pj :— pj o Lpj, j — 1,2, and suppose that h 0-^^02 = xdixD2- 
Put a := (pi(0),p2(0)) and X :== (pU0),p'2(0)) G (C*)^. Take an arbitrary / G 
0{E,Dj) with /(O) = Oj. Let / be the lifting of / with respect to pj such that 
7(0) ^ 0. Since |/'(0)| < 1, we get |/'(0)| < \Xj\. Consequently }<D,iaj]Xj) = 1, 
j = l,2. Inpaiticulai, }tDixD2{a;X) ^Taaji{}tDi{ai;Xi), ^4:1)2(02; X2)} = 1. 

Let (0,1) 3 an y I- Fix an n G N. Since }<:dixD2{0''-,X) — 1, there exists 
/„ G 0{E,Di X 1)2) such that /„(0) = o and /^(O) = a„X. By Remark 5, there 
exists an injective holomorphic mapping (/„ = {gn.i,9n,2)'- E — > Di x D2 such 
that .gn(0) — a and .g'j(O) = ol^X. Let 5„.j be the lifting with respect to pj oi gn.j 
with 5„j(0)==0,j = 1,2. 

By the Montel theorem, we may assume that the sequence (ffnjOJ^i is locally 

uniformly convergent, goj ■= linin >oo5n.j- We have g^ (0) — 1, go.j • E — > S. 

By the Schwarz lemma we have goj = ids, J = 1,2. 
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Let hoj{zi,Z2) ■.^pj{zi) -pj{z2), (2:1,22) e E"^, 

y, = y{ho,j) = {(21,22) e ^': Vj(^1:^2) = 0}, j = 1,2. 



Since 



det 



9/10,: 

92fc 



(9) 



J,fc=l,2 



^-det[g.(g,)]^^^^0. 



V^i and V2 intersect transversally at q. Let U CC {(21,22) G -E^ : 21 ^ 22} be a 
neighborhood of q such that Fi n V2 n C/ = {(7}. For n G N, j = 1, 2, define 

hn,j{zi, 22) := .g„j(2i) - .9„j(22), (21, 22) e S^. 

Observe that the sequence (ft-n.j)^i converges uniformly on [/ to /lo.j, j = 1,2. 
In particular (cf. [Two- Win]), we have V{hn.i) r\V{hn.2) CiU = {z £ U: hn,i{z) = 
hn,2{z) = 0} 7^ for some n G N - contradiction. 

We move now to the construction of (^1, (f2 and q. Let ipj G Aut(-E) be a non- 
identity lifting of pj with respect to pj {pj o ipj = pj^ ipj ^ id), j = 1, 2. Observe 
that Ipj has no fixed points (a lifting is uniquely determined by its value at one 
point), j = 1,2. 



To simplify notation, let 

ha{z) 

One can easily check that 



a, z £ E. 



az 



sup m(2:,V'j (2)) = 1, j = l,2. 



zGE 



'-^\ is the Mobius distance. Hence there exist 



where m{z,w) :— \h,u]{z)\ = 

£ G (0, 1) and 21, Z2 'E E with to(2i, i/)i(2i)) — m{z2, ^'2(22)) = 1— e. Let d G (0, 1), 

h\,h2 G Aut(i<^) be such that hj{—d) = Zj, hj{d) = ipj{zj), j = 1, 2. 

If (j)j o hjYl—d) ^ ±(Pj" o hjy{d) for some j (we may assume that for j ~ 1), 
then at least one of the determinants 



det 



det 



(piohiYi-d), {p,oh,y{d) 

{P20h2)'{-d), {p20h2)'{d) 

(pi o /ii o (- id))'(-d), (pi oh^o{- id))'(d) 
(P2 O h2)'{-d), {P2 O h2y{d) 



is nonzero. 

Otherwise, let ipj — hj o ipj o hj and pj = pj o hj, j = 1,2. Observe that 

ipj{—d) = d and {ip'J—dy}'^ = 1, j — 1, 2. Thus, each ipj is either — id or he, where 

c — —j^p- The case -ipj = —id is impossible since ipj has no fixed points. By 



substituting pj by pj and -ipj hy -ipj, j — 1,2, the proof reduces to the case, where 
"01 — "02 = ^c =: V' ioT some — 1 < c < 0. 

We claim that there exists a point a ^ E such that if an automorphism ip = (pa (z 
Aut(i<^) satisfies (p{a) = V'(a) and (p{ip{a)) = a, then (p'{a) ^ ±-0'(a). Suppose 
for a moment that such an a has been found. Notice that (^ o (^ = id and hence 

p'{^(a)) = ^^. Put Lpi := id, 932 := 'V-, 1 '■= {a,'4^{a))- Wc have 



det 
= det 
= det 
==det 

=p'i(^(a))p^(^(a))det 



(P2°'fi2y{a), (P2 o 'y52)'(V'(a)) 

p[ia), K(V(a)) 

p^((/3(a))(/3'(a), p'2(¥3(V'(a))¥''(V'(a)) 

(pio^)'(a), p[Wa)) 

p'.ii^iaWia), (p2 0^)'(a)^ 

K(V(a))V'(a), pKV-W) 

p'.i^PiaWia), p',i^PiaW(a)^ 



which finishes the construction. 

It remains to find a. First observe that the equahty (/?„(&) — "tp' {a) is impossible. 
Otherwise (pa — ip and consequently ip o ip = id; contradiction. We only need to 
find an a £ E such that (p'a{a) 7^ —^p'{a). One can easily check that 



Direct calculations show that (f'^ia) 
any ae E\R. 



-ijy{a) ^=^ a e 



Thus it suffices to take 

D 
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